Abstract. The quantum supergroup U q (osp(1|2n)) admits a finite dimensional spinor representation, which does not have a classical limit. We construct a realisation of this representation on the Fock space of q-fermions. We also generalise the construction to the infinite dimensional spinor representations of U q (osp(2m + 1|2n)) for m, n ≥ 1 by using both quantum bosons and fermions. This leads to a new realisation different from those obtained before by other researchers.
Introduction
The Clifford algebra has a deformation [5, 6] that is compatible with the action of the quantum group U q (so(m)). This makes it possible to construct the quantum analogue of the spinor representation in terms of quantum fermions. The construction is similar to the classical case, where spinor representations of orthogonal Lie algebras arise from the corresponding Clifford algebras. However, as far as we are aware, none has tried to generalise the construction to the quantum orthosymplectic supergroup [1, 9, 12, 13] by using quantum fermions only. What deterred people from doing so is the well known fact that the spinor representation of the orthosymplectic Lie superalgebra osp(2m + 1|2n) (n > 0) is infinite dimensional.
However, in the case of U q (osp(1|2n)), there exists a finite dimensional irreducible spinor representation, though this is not widely known. This representation does not have a classical (i.e., q → 1) limit, thus its existence does not contravene the above mentioned fact.
The aim of this note is to give a quantum fermion construction of this finite dimensional spinor representation of U q (osp(1|2n)) (see Theorem 2.5 and Proposition 2.6). Our starting point is the observation that there exists an algebra homomorphism from U q (osp(1|2n)) to U −q (so(2n + 1)) (cf. [10] ), which makes it possible to construct spinor representation of U q (osp(1|2n)) using its counterpart of U −q (so(2n + 1)). This method fails in the general case of U q (osp(2m + 1|2n)) for m, n > 0 as there is no such algebra homomorphism between U q (osp(2m+1|2n)) and any quantum orthogonal or symplectic groups; see [8] .
In order to generalise the construction to U q (osp(2m+1|2n)) for m > 0, it is necessary to bring quantum bosons into the picture. The quantum fermions and bosons together form a deformed Clifford superalgebra Cl q (m|n), the structure of which has been studied extensively in the literature (see, e.g., [3] ). However, the deformed Clifford superalgebra is used quite differently in this paper (see Section 2.1 and Definition 3.1).
Let U q (osp(2m+ 1|2n)) be the quantum orthosymplectic group with Dynkin diagram shown in (1.1) below. One of our main results, shown in Theorem 3.2, determines an algebra homomorphism from U q (osp(2m + 1|2n)) to deformed Clifford superalgebra Cl q (m|n). This together with the Fock space of Cl q (m, n) give an infinite dimensional irreducible representation of U q (osp(2m + 1|2n)) with the highest weight which is referred to as spinor representation of U q (osp(2m + 1|2n)). In particular, this reduces to the algebra homomorphism between U q (osp(1|2n)) and deformed Clifford algebra Cl q (n) when m = 0, from which we obtain an irreducible spinor representation of dimension 2 n for U q (osp(1|2n)) with the highest weight Note that U q (gl m ) and U q (osp(1|2n)) are the regular subalgebras of U q (osp(2m + 1|2n)), and we have U q (osp(2m + 1|2n)) ⊃ U q (gl m ) ⊗ U q (osp(1|2n)). In this paper, the spinor representation of U q (osp(2m + 1|2n)) is obtained by using the quantum boson realisation of U q (gl m ) [2] and quantum fermion realisation of U q (osp(1|2n)). However, our method can not be applied to the case of U q (osp(2m|2n)), since U q (osp(2m|2n)) does not contain U q (osp(1|2n)) as regular subalgebra.
Relation to earlier work. Recall that there are various choices of Borel subalgebras for the orthosymplectic Lie superalgebra osp(2m + 1|2n) (see [7] and [11] ), which are not Weyl group conjugate. They correspond to different simple root systems containing different sets of odd simple roots. The Dynkin diagrams of simple root systems of osp(2m + 1|2n) can be classified into the following two types:
where a node • corresponds to an even simple root; ⊗ to an odd isotropic simple root;
• to an odd non-isotropic simple root, and × stands for • or ⊗, depending on whether the simple root is even or odd. In particular, let Θ 1 = {m, m + n} be the index set for odd simple roots, then the associated Dynkin diagram for (osp(2m + 1|2n), Θ 1 ) is
Another case, denoted by (osp(2m + 1|2n), Θ 2 ) with index set Θ 2 = {n} for odd simple roots, corresponds to the following Dynkin diagram
The quantum boson-fermion realisation of U q (osp(2m + 1|2n), Θ 2 ) and quantum fermion-boson realisation of U q (osp(2m + 1|2n), Θ 1 ) were studied in [4] , while [3] constucted the irreducible representations of U q (osp(2m + 1|2n), Θ 2 ). In this paper, our definitions of U q (osp(2m + 1|2n), Θ 1 ) and Cl q (m, n) are different from the set up of [3] , though our approach is similar to theirs. This leads to a new realisation of U q (2m + 1|2n, Θ 1 ) (see Theorem 2.5 and Theorem 3.2) different from those obtained before. In Section 3.2, we shall generalise our method to obtain the realisation and spinor representation of U q (2m + 1|2n, Θ) with arbitrary set Θ of odd simple roots; see Theorem 3.7 and Proposition 3.8.
This paper is arranged as follows. In Section 2, we consider the quantum supergroup U q (osp(1|2n), Θ 1 ) (m = 0 case) associated with the Dynkin diagram (1.1). Using the deformed Clifford algebra Cl q (n) and its finite dimensional Fock space V q (n), we construct the irreducible spinor representation of U q (osp(1|2n), Θ 1 ). In Section 3, we generalise this method to the case U q (osp(2m + 1|2n), Θ 1 ), and obtain the infinite dimensional irreducible spinor representation of U q (osp(2m + 1|2n), Θ 1 ), of which the underlying space is the Fock space V q (m, n) associated to the deformed Clifford algebra Cl q (m, n). More generally, we give the realisation of U q (osp(2m + 1|2n), Θ) for any set Θ of odd simple roots, and hence obtain the corresponding spinor representation of U q (osp(2m + 1|2n), Θ).
Spinor Representation of
We shall construct a quantum fermion realisation of the finite dimensional spinor representation of U q (osp(1|2n), Θ 1 ) in this section. We first recall the general definition of quantum orthosymplectic supergroup U q (osp(2m+1|2n), Θ 1 ). Then we introduce the deformed Clifford algebra Cl q (n) furnished with the Fock space V q (n). As well as the classical case, we present an algebra homomorphism from U q (osp(1|2n), Θ 1 ) to Cl q (n), which in turn gives us the irreducible spinor representation V q (n) of U q (osp(1|2n), Θ 1 ).
stands for the n×n Cartan matrix of the general linear Lie algebra. Define the sequence
such that d i a ij = d j a ji . Let q be an indeterminate over the complex field C, and let
Definition 2.1. The quantum supergroup U q (osp(2m + 1|2n), Θ 1 ) [1, 9, 12, 13] is an associative superalgebra over C(q
subject to the following relations
where Ad e i (x) and Ad f i (x) are defined by .5) and (2.6) are referred to as quantum Serre relations and higher order quantum Serre relations (see [9] or [8] ), respectively . Remark 2.2. Note that the standard expression
is replaced by
2 never appears in our definition. One can also define U q (osp(2m+1|2n), Θ 1 ) over the field C(q), but we shall work over C(q In the case of U q (osp(1|2n), Θ 1 ) (here Θ 1 = {n}), the Cartan matrix A = (a ij ) n×n is
satisfying relations (2.1)-(2.3) and (2.5). The quantum Serre relations (2.5) for generators e i (i = 1, 2, . . . , n) can be written more explicitly as e i e j − e j e i = 0, |i − j| ≥ 2, (2.8)
n e n−1 e n + e n e n−1 e 2 n ) + e n−1 e
Similarly, replacing e i by f i in above equations yields quantum Serre relations for generators f i (i = 1, 2, . . . , n).
2.2.
Deformed Clifford algebra Cl q (n). Let n be a positive integer. We define the deformed Clifford algebra Cl q (n) over C(q 
Note that relations (2.15) are equivalent to the following
Proof. Equations (2.16) are obvious by (2.13). Equations (2.17) follow easily from (2.13) and (2.14) whenever i = j. For i = j, using (2.12) and ( 2.15 ′ ), we obtain
Thus (2.17) holds for i = j. Finally, by (2.15 ′ ) we have
as required in (2.18).
We now construct the Fock space V q (n) for Cl q (n). The vacuum vector |0 ∈ V q (n) is defined in the usual way
As a basis for V q (n), we set
where r = (r 1 , r 2 , . . . , r n ) with r i ∈ {0, 1}. Note that V q (n) is Z + -graded with the degree assignments deg ψ † i = 1 for all 1 ≤ i ≤ n (here Z + denotes the set of non-negative integers). We set deg |r = n i=1 r i and order the basis elements lexicographically, i.e., (2.19) |r ≻ |s , if r i > s i for the first i where r i and s i differ.
For notational convenience, we denote by e i the n-tuple with 1 in the i-th position and 0 elsewhere. Proof. The action (2.20) follows immediately from the defining relations for Cl q (n), so it remains to prove the irreducibility of V q (n). Assume that W q ⊆ V q (n) is a nonzero submodule and w = r a r |r (a r ∈ C) is a nonzero element in W q with the leading term a s |s such that a s = 0 and |s is maximal with respect to the lexicographic ordering.
, which is nonzero and hence W q = V q (n).
2.3.
Spinor representation of U q (osp(1|2n), Θ 1 ). We proceed with the construction of spinor representation of U q (osp(1|2n), Θ 1 ).
is an associative superalgebra homomorphism, where √ −1 is the imaginary unit.
Proof. We first show that the assignments of generators preserve the relations (2.1)-(2.3) for 1 ≤ i, j ≤ n. Relations (2.1) directly follow from (2.11). Relations (2.2) are obvious whenever |i − j| ≥ 2, while in the case of j = i + 1 we have for the first relations of (2.2) that
The other remaining relations of (2.2) can be proved in the same way. By Lemma 2.3, relations (2.3) hold under π for all 1 ≤ i, j ≤ n. Now we turn to show that π preserves quantum Serre relations (2.8)-(2.10), and the case of quantum Serre relations for f i can be proved along the same line. Relations (2.8) are obvious from (2.17). Using (2.13), (2.14) and (2.
. This together with (2.12) and (2.13) lead to
=π(e i−1 )π(e i−1 e i − qe i e i−1 ) − q −1 π(e i−1 e i − qe i e i−1 )π(e i−1 )
Thus (2.9) holds for the case i − 1, while the case for i + 1 can be proved similarly. Finally, relation (2.10) follows immediately from ψ 2 n = 0. Recall that the Fock space V q (n) is an irreducible representation of Cl q (n). Therefore, we get an action of U q (osp(1|2n), Θ 1 ) on V q (n) through the above homomorphism π. This is called spinor representation of U q (osp(1|2n), Θ 1 ). Proposition 2.6. The spinor representation V q (n) of U q (osp(1|2n), Θ 1 ) is irreducible with the highest weight vector |0 of weight (1, . . . , 1,
Proof. It remains to prove that V q (n) is irreducible as U q (osp(1|2n), Θ 1 )-module. Assume that U ⊂ V q (n) is a nonzero U q (osp(1|2n), Θ 1 ) submodule. Let f = r a r |r be a nonzero element in U such that all terms in f are ordered lexicographically and the nonzero leading term a s |s is the maximal one. Setting deg f = deg |s = n i=1 s i and using induction on deg f , we aim to show that there exists N ∈ Z + and nonzero c q ∈ C(q) such that e i 1 e i 2 . . . e i N f = c q |0 (1 ≤ i 1 , . . . , i N ≤ n), and hence the irreducibility follows.
There is nothing to prove when deg f = 0 (in this case, N = 0), which means that f is a scalar multiple of |0 . Now we turn to the general case that deg f = k ∈ Z + with the assumption that it is true for deg f = k − 1. In the leading term a s |s = a s (ψ † 1 )
sn |0 , we have s i ∈ {0, 1} for all 1 ≤ i ≤ n. Let j (1 ≤ j ≤ n) be the maximal index such that s j = 1, then we obtain e n e n−1 . . . e j |s = ± √ −1(q
which is still maximal among all terms of e n e n−1 . . . e j f with respect to the lexicographical ordering. This reduces to the case deg(e n e n−1 . . . e j f ) = deg(e n e n−1 . . . e j |s ) = k−1, which is true by assumption.
Example 2.7. The quantum supergroup U q (osp(1|2), Θ 1 ) is generated by e, f, k ±1 subject to relations
The spinor representation V q (1) is spanned by basis {|0 , |1 } with the action given by
It is clear that |0 is the highest weight vector of weight √ −1q 1 2 . As a byproduct, V q (1) is not a deformation of any finite dimensional representation of osp(1|2), since the dimension of irreducible representation of osp(1|2) must be odd, while the dimension of V q (1) is even.
Spinor representations of U q (osp(2m + 1|2n))
In this section, we introduce the deformed Clifford superalgebra Cl q (m, n) furnished with infinite dimensional irreducible Fock space, which is shown to be spinor representation of U q (osp(2m + 1|2n), Θ 1 ) with Θ 1 = {m, m + n}. Then we generalise our construction to the case with arbitrary set Θ of odd simple roots and obtain the spinor representation of U q (osp(2m + 1|2n), Θ). 
Note that the relations (3.5) are equivalent to the following
Definition 3.1. The deformed Clifford superalgebra Cl q (m, n) is the associative superalgebra over C(q [u
subject to the relations (2.11)-(2.15), (3.1)-(3.5), and the condition that the bosonic and fermionic generators commute.
We are now in a position to construct Fock space V q (m, n) of Cl q (m, n). Let |0 ∈ V q (m, n) be the vacuum vector, which satisfies 1, 2, . . . , m, j = 1, 2, . . . , n.
Denote by
n )t n |0 the basis element for V q (m, n), where t = (t 1 , t 2 , . . . , t m ,t 1 ,t 2 , . . . ,t n ) with t i ∈ Z + and t j ∈ {0, 1} for all 1 ≤ i ≤ m and 1 ≤ j ≤ n.
−1 be the q-integer and e i be the (m + n)-tuple with 1 in the i-th position and 0 elsewhere, the action of Cl q (m, n) on V q (m, n) is determined by
Note that we set |t ± e m+j = 0 whenevert j ± 1 / ∈ {0, 1}. By using similar method as in Proposition 2.4, we conclude that V q (m, n) is an infinite dimensional irreducible representation of Cl q (m, n).
is an associative superalgebra homomorphism.
Proof. We need to show that the assignments of generators preserve the relations (2.1)-(2.6). The proof of (2.1)-(2.5) is similar to that of Theorem 2.5, so we just prove that π preserves the first relation of (2.6), which can be written explicitly as
e m e m−1 (e m e m+1 − q −1 e m+1 e m ) − qe m (e m e m+1 − q −1 e m+1 e m )e m−1 which is zero since
Note that V q (m, n) is Z + -graded with the degree assignments deg
×n be the (m + n)-tuples, we introduce the lexicographical-ordering |s ≻ |t if there exists integer a (1 ≤ a ≤ m + n) such that the a-th entry of s is strictly bigger than the a-th entry of t, while the first a − 1 entries of s and r are identical. For any f = t a t |t with the nonzero leading term a s |s such that |s is maximal in the lexicographical ordering, we define its degree by setting
Then we have the spinor representation V q (m, n) of U q (osp(2m + 1|2n), Θ 1 ) through the above homomorphism π. Proof. It can be proved by using the same trick as in Proposition 2.6. Taking a nonzero element f = t a t |t ∈ V q (m, n), we use induction on deg f to show the assertion that there exist N ∈ Z + and nonzero c q ∈ C(q) such that e i 1 e i 2 . . . e i N f = c q |0 , where
There is nothing to prove when deg f = 0, and we turn to the general case that deg f = k ∈ Z + with the assumption that it is true for deg f ≤ k − 1. Suppose a s |s is the leading term of f , we have deg(e 
Note thats i ∈ {0, 1} for all 1 ≤ i ≤ n, we have two cases now. If n j=1s j = 0, then by the assertion proved in Proposition 2.6 there exist 1 + 1|2n) ). We begin with the root data of Lie superalgebra osp(2m + 1|2n). Let E m|n be the (m + n)-dimensional vector space over R with a basis consisting of elements ε i (i = 1, 2, . . . , m) and δ µ (µ = 1, 2, . . . , n). We endow the basis elements with a total order , which is called admissible order if ǫ i ǫ i+1 and δ µ δ µ+1 for all i, µ. Fix an admissible order and let E 1 E 2 · · · E m+n be the ordered basis of E m|n . We define a symmetric non-degenerate bilinear form on E m|n by (3.9) (
The set of positive roots of osp(2m + 1|2n) can be realised as a subset of E m|n with an admissible order . Explicitly, each choice of a Borel subalgebra of osp(2m + 1|2n) corresponds to a choice of positive roots, and hence a fundamental system Π = {α 1 , α 2 , . . . , α m+n } of simple roots, where
The Weyl group conjugacy classes of Borel subalgebras correspond bijectively to the admissible ordered bases of E m|n . The Dynkin diagram associated to Π is of Type 1 or Type 2 shown in Section 1, depending on whether α m+n = E m+n = δ n or α m+n = E m+n = ǫ m .
Denote by Θ ⊂ {1, 2, . . . , m + n} the labelling set of the odd simple roots in Π , that is, α s ∈ Π is an odd simple root for any s ∈ Θ. Clearly, the simple root system Π uniquely determines the set of odd roots, and vice versa. We define the Cartan matrix of osp(2m + 1|2n) associated to the simple root system Π (or equivalently, Θ) by
Note that (α i , α i ) = 0 if and only if α i is an isotropic odd root. Let
To introduce general definition of U q (osp(2m + 1|2n), Θ), we adopt the following notation:
In what follows, we write U q (osp(2m + 1|2n), Π ) := U q (osp(2m + 1|2n), Θ) to emphasise the significance of the admissible order . 
if s ∈ Θ and a ss = 2, then for all j = s, , where s = m + n − 1 and α m+n = δ n , and the associated Now we need to show that π also respects the higher order Serre relations (R3) related to diagrams (a), (b) and (c). The cases with all ×'s corresponding to even simple roots in diagrams (a) and (c) have also been covered by the proof of Theorem 3.2. The remaining cases with some or all ×'s being isotropic odd simple roots ⊗ can all be proven in a similar way. Thus we will illustrate the proof by considering as an example the following case of diagram (a):
There are two cases for the simple odd roots associated to this sub-diagram. Case 1: the associated simple roots are α s−1 = ǫ s−1 − δ s−1 , α s = δ s−1 − ǫ s , α s+1 = ǫ s − δ s .
Then we have Φ s−1 = φ s−1 , Φ s = ψ s−1 , Φ s+1 = φ s , Φ s+2 = ψ s ,
Thus, the map π on corresponding generators is given by s . We shall prove that the images of (3.12) preserve the first relation given in diagram (a), the second relation can be proved along the same line. Recalling the bilinear form in (3.9) and Cartan matrix (3.10), we have
